We found that the integral of four Hermite polynomials integrated with squared weight over the real line generates symmetric polynomials with a beautiful recursive property. We pose a question whether that integral admit an explicit formula or not. The question has a certain interpretation in the theory of Hermitian matrices.
H n (x)e −2x 2 dx, Our interest is in explicit formulas for H n , H nm , H nml , H nmlk . We found them for products of no more than 3 polynomial, i.e. for H n , H nm , H nml , and did not manage to do this for H nmlk . However, we claim that H nmlk generates symmetric polynomials with very beautiful recursive property (1.5) .
Claim 1
(a) H n = (−1) n 2 (n − 1)!!, n is even, = 0, n is odd,
H nm = (−1) n+m 2 (n + m − 1)!!, n + m is even, = 0, n + m is odd,
H nml = (n + m − l − 1)!!(n − m + l − 1)!!(−n + m + l − 1)!!, n + m + l is even, = 0, n + m + l is odd,
Here n!! is the double factorial, defined by 0!! = 1, 1!! := 1, n!! = n · (n − 2)!!. It makes sense for all non-negative integers, and also for negative odd integers, so that 
where P k (n, m, l) is a symmetric polynomial of degree 2k with respect to variables n, m, l. It is determined recursively by conditions P 0 (n, m, l) = 1,
(1.5) or, in a shortened form, for j = 0, 1, 2, . . . , k − 1,
Question:
Is there a nice closed formula for H nmlk ?
2 Discussion about P k (n, m, l).
Without going into details of proof of Claim 2, let us show how recursive formulas (1.5) work in practice. 1. For k = 0 we have P 0 (n, m, l) = 1.
2.
For k = 1 formulas (1.5) read as
However, P 1 (l, m, n) is a symmetric w.r.t. all variables, and this allow only one option for it, namely
3. For k = 2 formulas (1.5) read as
In view of symmetricity of P 2 (l, m, n) and the fact that degree of P 2 is equal to 4, the second formula allows us to determine 2 the P 2 (l, m, n) up to terms lmn and lmn(l + m + n), which we can not see for l = 0 :
and substituting the latter into the formula for P 2 (1, m, n) allows us to determine the constants C 1 , C 2 : we find C 1 = −16, C 2 = 0. 4. We can continue for bigger values of k in the same manner as for k = 1, 2. This gives us subsequently 3
, P 4 (m, n, l) = P 4 1 − 20P 3 1 + (−96mnl + 118)P 2 1 + (960mnl − 180)P 1 − − 256mnl(m 3 + n 3 + l 3 ) + 256mnl(m 2 l + m 2 n + l 2 m + l 2 n + n 2 l + n 2 m)+ +2304m 2 n 2 l 2 − 1536mnl(mn + ml + ln) + 2304mnl(m + n + l) − 3936mnl + 81 ,
Here we denoted for shortness P 1 = P 1 (l, m, n).
4. It is possible to continue further, however, the expressions for the first P k do not suggest any nice structure for the polynomials of higher degree.
Discussion about proofs
Since we did not reach our goal, which was an explicit expression for H nmlk , I do not think that complete proofs of Claims 1, 2 will engage a reader. However, I would like to offer a discussion about possible ways to prove them and about difficulties on those ways.
Hermite polynomials admit a generating function [1] ,
Taking product of e 2xr−r 2 , e 2xs−s 2 , and so on, multiplying by e −2x 2 and integrating, we find subsequently
(3.4) Exponent terms in the r.h.s. are written not in a symmetric way, but rather in a way most convenient for expanding them in power series of the variables r, s, t, u, where applicable. Expanding, for (3.1) and (3.2) we obtain ∞ n=0 H n r n n! = n ≥ 0, n even
H nm r n s m n!m! = m ≥ 0, n ≥ 0, m + n even
where C k p = p! k!(p−k)! , k = 0, 1, . . . , p is a binomial coefficient. After elementary transformations these formulas give us statements (a), (b) of Claim 1. It is important that in both formulas (3.5), (3.6) the number of indices of summation in the r.h.s. coincides with the number of indices in the l.h.s.
However, this pattern breaks and things start to getting worse already for (3.3). Namely, (3.3) gives rise to a power series with 4 indices 4 , which is more than 3 indices on the l.h.s. Situation is even worse for formula (3.4), which produces 8 indices of summation 5 . Hence, it is not feasible to simplify summation formulas directly, but since the expressions for these formulas are already found in Claims 1, 2, one can prove them by induction.
4 Discussion about P k (n, m, l), continued.
It is only formula (1.4) which is not proved in Claim 2. Once we assume that (1.4) holds true, the recurrence formulas (1.5) for polynomials P k (n, m, l) follow from symmetricity of H k,l,m,n and the triviality formula
(4.1)
Some further formulas
Formula (1.6) can be rewritten in the form
Furthermore, from (1.4) and (4.1) it follows that
In the above formula, changing k, l with m, n and then multiplying, we get (using the last formula in (1.3))
H 4 klmn = P l (k, m, n)P m (k, n, l)P n (k, m, l)P k (l, m, n)(−1) l+m+n+k .
6 Recurrent formula for H nmlk . This gives us another way to obtain H nmlj H nmlj = −(n − 1)H n−2,m,l,j + mH n−1,m−1,l,j + lH n−1,m,l−1,j + jH n−1,m,l,j−1 .
For polynomials P n (m, l, j) this relation becomes P n (m, l, j) = − (n − 1)(m + l − j − n + 1)(m − l + j − n + 1)(−m + l + j − n + 1)P n−2 (m, l, j)− − m(−m + l + j − n + 1)P n−1 (m − 1, l, j)− − l(m − l + j − n + 1)P n−1 (m, l − 1, j)− − j(m + l − j − n + 1)P n−1 (m, l, j − 1).
